The typical binding energy of heavy hadron spectroscopy makes the system accessible to perturbative calculations in terms of non-relativistic QCD. Within NRQCD the predictions of heavy quarkonium energy levels rely on the accurate description of the static QCD potential V QCD (r). Historically, heavy quarkonium spectroscopy was studied using phenomenological approaches such as the Cornell model V Cornell = −κ/r + σ r, which assumes a short-distance dominant Coulomb potential plus a liner rising potential that emerges at long distances. Such model works reasonably well in describing the charmonium and bottomonium spectroscopy. However, even when there are physically-motivated arguments for the construction of the Cornell model, there is no conection a priori with QCD parameters. Based on a previous work on heavy meson spectroscopy, we calibrate the Cornell model with NRQCD predictions for the lowest lying bottomonium states at N 3 LO, in which the bottom mass is varied within a wide range. We show that the Cornell model mass parameter can be identified with the low-scale short-distance MSR mass at the scale R = 1 GeV. This identification holds for any value of α s or the bottom mass. For moderate values of r, the NRQCD and Cornell static potentials are in head-on agreement when switching the pole mass to the MSR scheme, which allows to simultaneously cancel the renormalon and sum up large logarithms.
Introduction
The so-called November Revolution in 1974 [1, 2] triggered numerous theoretical developments in hadron spectroscopy. Non-relativistic phenomenological models were justified due to the large mass of the charm and bottom quarks inside mesons, and counterbalanced the lack of development of Quantum Chromodynamics (QCD) for heavy quarkonium systems at that time. Among those early studies we highlight the works of Eichten [3] , Godfrey [4] , Stanley [5] or Bhanot [6] , which employed an unified and simple framework to phenomenologically study both light-and heavymeson spectroscopy.
Those aforementioned phenomenological models considered quarks as low-energy spectators, which interact through flavor-independent gluonic degrees of freedom. The short-distance interaction is assumed to be of perturbative nature, dominated by a single t-channel gluon exchange (that is, a Coulomb interaction proportional to α s , the strong coupling constant at some scale). At long distances, non-perturbative effects are expected to emerge, and are modelled with a linear confining interaction, confirmed by lattice QCD calculations [7] . Hence, the simplest quark model for heavy quarkonium is the so-called Cornell potential : Despite of its simplicity and "ad hoc" construction, such model is able to reproduce the heavy quarkonium spectra, which suggests that a relation, even vague, may exist between the Cornell model and the more theoretically-solid non-relativistic QCD (NRQCD). NRQCD [8] is obtained from QCD by integrating out the heavy quark mass m Q . A perturbative matching can be performed exploiting that m Q Λ QCD , so NRQCD inherits all the light degrees of freedom from QCD. However, NRQCD mixes soft and ultrasoft scales, complicating the power-counting. Solutions to this problem appeared with the development of different EFTs such as velocity NRQCD (vNRQCD) [9] and potential NRQCD (pNRQCD) [10, 11] , which describe the interactions of a non-relativistic system with ultrasoft gluons, systematically organizing the perturbative expansions in α s and the velocity of heavy quarks. Such EFTs only include the relevant degrees of freedom for QQ systems near threshold, integrating out the rest of degrees of freedom.
In this work we explore the connection between the simplest realization of the Cornell model against NRQCD. To that end we compare the mass of the lowest-lying QQ bound states, observables that can be reliably predicted both in the theory and the model, varying the quark mass and the strong coupling constant. We show that the Cornell potential agrees for large values of r with the QCD static potential once the latter is expressed in terms of the MSR mass and improved with allorder resummation of large renormalon-related logs via R-evolution [12] . Our R-improved static potential also compares nicely with lattice QCD simulations from Refs. [13, 14] .
A more complete description of the methods and further results can be found in Ref. [15] .
Cornell Potential and QCD Static Potential for QQ
As mentioned above, our main goal is to compare the Cornell potential predictions with NRQCD, so relations among QCD fundamental constants and Cornell model parameters can be obtained.
On the one hand, the Schrödinger equation for the Cornell potential of Eq. (1.1) is solved numerically using the Numerov algorithm [16] , from where we calculate the mass of the bound states. However, such potential is not sufficient to predict the ϒ(1S) − η b (1S) or χ bJ multiplet (with J = {0, 1, 2}) mass splittings. Further spin dependence is needed in the Cornell static potential. For that reason, it is important to add 1/m 2 Q terms to take into account the spin-spin, spin-orbit and tensor interactions, breaking the leading power degeneracy [17] . Such contributions emerge from the s-channel gluon exchange and the leading relativistic corrections of the t-channel gluon and confinement interactions [4] :
Q r 3 S 12 , being S = S 1 + S 2 the total spin, L the relative orbital momentum and S 12 the tensor operator of the QQ bound state, defined as S 12 = 2 ( S 1 ·r)( S 2 ·r) − ( S 1 · S 2 ), withr = r/r. With no significant loss of precision, such contributions can be calculated using first-order perturbation theory, given the large mass of the heavy quark.
Using the above potential we are able to fit the parameters to the low-lying experimental bottomonium spectrum, those with n p = {1, 2}, whose masses are taken from the PDG [18] . Such fit gives the values :
where the uncertainties correspond to the 68 % confidence level for each parameter. Given the extremely precise nature of the experimental masses, the uncertainties on the parameters that come out of the fit are penalized, increasing their values by the square root of the reduced χ 2 at its minimum.
On the other hand, within NRQCD we can define the static potential as the color-neutral interaction between two infinitely heavy color-triplet states. Such potential has been calculated up to O(α 4 s ), at which point the potential becomes time-dependent and the static approximation breaks down. Such feature derives in a dependence on the "ultrasoft" scale µ us .
In position space and taking the charm quark as massless, the perturbative contribution to the static QCD potential can be written as follows :
3) where the coefficients a i,0 are known to four loops [19, 20] and a i, j>0 can be derived from the former requiring that V QCD does not depend on µ :
The last term in Eq. (2.3) depends on the ultrasoft factorization scale µ us . Following e.g. Ref. [21] , we will take the following expression for the ultrasoft factorization scale :
that takes into account the power counting of pNRQCD [10, 11] . If we plot the Cornell potential versus the QCD static potential (Fig. 2) we appreciate a bad perturbative behaviour of the latter, visible as a vertical shift of the potential in the region between 0.05 fm and 0.2 fm between different orders. Indeed, this is a clear manifestation of the u = 1/2 renormalon of the QCD static potential, which is r-independent, depending only on the coefficients of the QCD beta function. Furthermore, no addition of further orders brings the QCD static potential closer to the Cornell model.
It is important, thus, to cancel the static QCD potential renormalon, which exactly matches that of the pole mass except for a −2 factor, so that the static energy E stat (r, µ) = 2 m pole Q + V QCD (r, µ) is renormalon free. A standard approach is to re-write the pole mass in terms of a short-distance scheme to make the cancellation manifest. For the cancellation to take place one also needs to express the perturbative series δ m SD Q [ Eq. (2.6) ] that relates the pole mass with a short-distance mass m SD Q in terms of α s (µ). When done so, powers of log(µ/R) 1 in δ m SD Q will emerge which may become large if µ and R are very different. Besides, from the static QCD potential definition in Eq. (2.3), µ should depend on r such that log(r µ e γ E ) ∼ O(1), therefore mass schemes with a fixed value of R, such as the MS, are disfavored.
In order to avoid the canonical µ = 1/r to rapidly acquire values in the non-perturbative region, we smoothly freeze it to 1 GeV once it reaches this value, using a transition function between r = 0.08 fm and 0.2 fm [15] . Fig. 1 shows a graphical representation of the "profile function", as will be referred to. This scale setting is similar to those implemented in the renormalon-subtracted scheme at Refs. [22, 23, 24] , but with a smoother transition between the canonical and frozen regimes. Following Ref. [25] we use the MSR mass [12] and choose µ = R to simultaneously minimize logs in the potential and in δ m MSR Q . The MSR mass scheme was created as a natural extension of the MS mass for renormalization scales below the heavy quark mass. It can be directly defined from the MS-pole mass relation :
where we see that, apart from the logarithmic dependence on the scale µ, a logarithmic and linear dependence on an infrared scale R appears. The d n,0 > are derived from the MS-pole mass relation, and depend on the specific method to change from a scheme with (n + 1) dynamical flavors to another with only n . On the one hand, the practical MSR mass (MSRp) employs the threshold matching relations of the strong coupling to express α
s (m) and, on the other hand, the natural MSR mass (MSRn) directly integrates out the heavy quark Q from the MS-pole relation, setting to zero all diagrams containing heavy quark loops.
The R dependence of the MSR mass is described by :
where
are the R-anomalous dimension coefficients [12] , and the renormalon cancels between the first term and the sum. The solution of the RGE in Eq. (2.7) sums up powers of log(R 1 /R 2 ) to all orders in perturbation theory :
Besides, the MSR mass can be easily related to the MS mass at the scale R = m Q (m Q ), from where it can then run down to any value of R < m Q . Using the previous mass scheme we can define a short-distance potential, which is renormalon free and independent of the heavy quark mass. It will depend, though, on a fixed scale where the renormalon is subtracted, denoted as R 0 . Manipulating the static energy formula we arrive to the convenient expression :
However, to avoid the appearance of large logs of R 0 /µ in δ m MSR Q (R 0 , µ) we can use R-evolution to sum up large logs and express it in terms of δ m MSR Q (R, µ) :
Hence, the following R-improved expression for the MSR-scheme Static QCD Potential can be written as :
The R-improved static potential is similar to the Renormalon Subtracted scheme used in Ref. [26] , based on [27] , and to the analysis of Ref. [28] based on renormalon dominance. The result for Eq. (2.11) is shown in Figs. 2 for bottomonium for the value R 0 = 1 GeV. 2 The choice of R 0 is set so it is identical to the value at which the renormalization scale freezes. We can see how the static MSR potential converges nicely towards the Cornell model for moderate values of r. The agreement for large distances improves with each new perturbative order addition. For larger values of the radius log(rµ) becomes large, as µ freezes, which makes perturbation theory unreliable. At small distances all orders agree very well due to the small value of α s , but disagree with the Cornell model. In conclusion, the Cornell model and QCD agree for moderate values of r, but disagree in the ultraviolet as the model does not incorporate logarithmic modifications due to the running of α s . An interesting question is, then, if this difference in the UV can be absorbed in the definition of the quark mass. This confirms the claims of Refs. [28, 29] where, using renormalon dominance arguments and in the framework of the operator product expansion of pNRQCD, it is shown that perturbation theory alone should be capable of describing both the Coulomb and linear behavior of the static potential, and that non-perturbative corrections start at O(Λ 3 QCD r 2 ). The aforementioned R-improved QCD static potential can also be compared to lattice simulations. Our result for σ in Eq. (2.2) is in very nice agreement with the lattice determinations of Ref. [30] (σ = 0.2098 ± 0.0009 GeV 2 ) and Ref. [31] (σ = 0.206 ± 0.010 GeV 2 ). The direct comparison of α Cornell s parameter and lattice analyses differs by a factor of roughly 2. However, such result should be taken with caution, as in the static potential at short distances loop corrections modify the short-distance 1/r behavior. Thus, this discrepancy should be of little concern.
Regarding the static potential, we use the results of Ref [13] with lattice spacing a = 0.04 fm. These range between 0.039 fm ≤ r ≤ 0.84 fm, with an average relative precision of 2.6 %. This dataset is complemented with results from [14] with a smaller lattice spacing of a = 0.025 fm, covering values of the radius as small as 0.024 fm. For the latter we only consider data with r ≤ 0.25 fm, since uncertainties in Ref. [14] are larger for higher values of r. Furthermore, in the range 0.024 fm ≤ r ≤ 0.25 fm, Ref. [14] has more density of points than [13] . The full dataset is shown in Fig. 3 as black dots with error bars. The static potential is only dependent on α s and an arbitrary additive constant, a vertical offset which can be related to the subtraction scale R 0 in our R-improved version. For that reason, we perform a two-parameter fit to the lattice data of our R-improved static QCD potential with the scale setting shown in Fig. 1 . For this simple comparison we use µ = R and no large ultrasoft logs resummation. The lattice data is assumed to be statistically independent, as the correlation matrix is currently unknown. The results of the fit are : We use µ = R, with µ set to the profile shown in Fig. 1 . We determine α s and R 0 fitting our pNRQCD theoretical expression to the lattice simulations [13, 14] .
Bottomonium spectrum with a floating bottom quark mass
In this section we will describe the procedure to fit the Cornell potential with NRQCD using synthetic spectra with a floating bottomonium mass. This complete bottomonium spectrum, up to n p = 2 for arbitrary m b ≡ m b (m b ) is constructed using NRQCD up to N 3 LO [32] . In the pole mass scheme [33, 34, 32] , the energy of a non-relativistic QQ bound state, univoquely determined by the (n p , j, , s) quantum numbers and with n massless active flavors, can be written as : 3
where H n is the harmonic number. In Eq. (3.1) ε acts as a bookkeeping parameter that properly implements the so called ϒ-expansion [35] . The c i,0 coefficients have been computed up to i = 3 [36, 37] , while the c i, j>0 coefficients can be directly obtained from the latter c i,0 imposing µ independence of the quarkonia mass. We denote the sum in Eq. (3.2) truncated to O(ε n+1 ) as the N n LO result. This formula does not include the resummation of large ultrasoft logarithms. 4 Due to the already discussed u = 1/2 renormalon in the QCD static potential, it is essential to express the static energy in Eq. (3.1) in terms of a short-distance mass, exactly as in the static energy. Following the results of Sec. 2 and the analysis in Ref. [25] we will employ the MSR mass [12] in our analysis.
The final goal of this study is to obtain relations among the Cornell model constants (especially the Cornell mass) and the QCD fundamental parameters α s and m b . To achieve this, we will perform a calibration scanning over these two parameters. Specifically, we will create templates of bottomonium spectra in reasonable ranges of values for the bottom mass and the strong coupling constant, and from there we will obtain the dependence of the Cornell model parameters in terms of m b and α s . For the former we will vary the MS mass between 4 and 8 GeV in steps of 500 MeV. For the strong coupling constant, we consider α (n =5) s (m Z ) between 0.114 and 0.12 for m b = 4.2 GeV. We generate QCD predictions for the n p = {1, 2} bottomonium states varying the two renormalization scales µ and R in a correlated way (see Ref [15] for details). The ranges are selected so the argument of the logarithm in Eq. (3.2) in the MSR scheme ranges between 1/2 and 2. Indeed, this range in general depends on the value of m b . Hence, we set a lower limit dependent on the bottom mass: where the subindex 1, 2 denotes the principal quantum number of the heavy quarkonium state. The upper limit is fixed to 4 GeV, as no dependence of m b is found for µ or R. Given the synthetic bottomonium spectrum for a specific m b and α s , we will fit the Cornell model parameters via a simple statistical regression analysis. The generated QCD pseudo-data at LO, NLO, N 2 LO and N 3 LO can be thought of as a set of highly correlated experimental measurements, which makes a traditional χ 2 fit with a non-diagonal covariance matrix impossible, due to the d'Agostini bias. However, the theoretical covariance matrix is the only uncertainty source we have, so it is impossible to write down a χ 2 function. We follow the strategy of Ref. [25] , where the QCD renormalization scales were varied in a correlated way in terms of two dimensionless variables µ n = µ min n + x (4 GeV − µ min n ), R n = µ min n + y (4 GeV − µ min n ), with n = {1, 2}, 0 ≤ {x, y} ≤ 1 and µ i defined in Eq. (3.3). The employed regression χ 2 function is, then :
where, actually, χ 2 min (x, y) is known only after the minimization is carried out, but allows the χ 2 function to be dimensionless. For a given value of m b , all possible values of {x, y} are scanned, and the parameters of the Cornell model are determined for each pair. Scanning over all values of m b and α s , functions of the Cornell model parameters in terms of these QCD fundamental quantities are obtained.
Calibration of Cornell model
First we focus on the dependence of the Cornell mass parameter with the short-distance QCD mass. For convenience, we have produced our bottomonium spectra as a function of MS mass, although this scheme should be thought as a coupling constant rather than a kinematic mass. Following the analysis of Secs. 2, we use the MSR mass with small values of R, which is a kinetic mass free from renormalon ambiguities. When we calibrate the Cornell mass versus m MSR b (R = 1GeV) we observe a linear relation, with a slope very close to (and compatible with) unity (0.995 ± 0.026) and a constant term compatible with zero (0.05 ± 0.19). Furthermore, this correspondance is achieved for all considered values of α s and different orders [15] . In Fig. 4 we show the linear relation at N 3 LO for the world average value of α s , even though this correspondance is achieved for all considered values of α s and different perturbative orders. The most relevant result of this work is, however, the difference between the Cornell model mass parameter and the MSR mass : .2) is of the order of one. As our fit employs n p = {1, 2} states, the average valuen p = 1.5 is taken. (upper two panels) and σ (lower two panels) with the MSR bottom mass (leftmost two panels) and the QCD coupling constant at the Z-pole (rightmost two panels). The two upper plots also show, with a solid red line, the strong coupling constant evaluated at a characteristic non-relativistic scale.
The scale µ NR is obtained by choosing R = µ and solving numerically the equation : The lower plots in Fig. 5 represents the dependence of σ with the bottom mass and the strong coupling constant. It shows a remarkable independence on the bottom mass, as expected for a static potential. Taking the average of all dots we obtain σ Cal. = 0.176 ± 0.088 GeV 2 , which compares well with that obtained from the fit to the bottomonium experimental data in Eq. (2.2) σ fit = 0.207 ± 0.011 GeV 2 . Regarding the dependence on α (n f =5) s (m Z ), a small positive correlation is envisaged, although given the uncertainties no strong conclusions can be drawn. Anyway, some dependence of σ with α s is expected since, as argued in Refs. [28, 29] and confirmed in Sec. 2 of this work, the linear rising term in the static potential is of perturbative nature.
